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Abstract. In this paper, we consider solving the initial-boundary value problem of the second-order 

partial differential equation for the heat transfer equation with variable heat source function. The problem due 

to the approximation of the second-order derivatives by the finite differences is reduced to the initial value 

problem depending on one variable – time t. Some numerical results and their characteristics – figures are 

obtained.  
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Introduction 

Applications of one-dimensional and two-dimensional initial-boundary value problems 

of second-order partial differential equations are very diverse - in electromagnetism, computer 

modeling, physical, chemical, etc. in process simulation, as well as mathematics in the theory 

of ordinary and partial differential equations. The paper examines the two-dimensional initial-

boundary value problem of the second-order partial differential equation for the heat conduction 

equation and the process of its numerical solution. Knowledge of the computer program 

MATLAB and the programming language Python was acquired to use their capabilities in 

solving the boundary problem. In the environment of these programs, programs were 

successfully developed, which, based on the created mathematical apparatus, find the solution 

of the boundary problem, and output the result in numerical form and graphically - in the form 

of drawings. 

 

Materials and methods 

Initial - boundary value problem 

We consider the initial - boundary value problem (IBVP) for the heat transfer equation 

in the following form (1): 

{

𝜕𝑢(𝑥,𝑡)

𝜕𝑡
=

𝜕

𝜕𝑥
(𝑘

𝜕𝑢(𝑥,𝑡)

𝜕𝑥
) + 𝑓(𝑥),

𝑢(−𝐿, 𝑡) = 0, 𝑢(𝐿, 𝑡) = 0, 𝑡 ∈ (0, 𝑡𝑓),

𝑢(𝑥, 0) = 0, 𝑥 ∈ (−𝐿, 𝐿),

                                                                             (1) 

𝑢(𝑥, 𝑡)  - temperature, depending on 𝑥 -coordinate and time 𝑡 (both are dimensionless 

quantities),  

𝑘 > 0 - the constant parameter, 𝑡𝑓 is the final time, 𝑓 - given function (the source 

function). 

It can be considered that in the interval 𝑥 ∈ (−𝐿, 𝐿) there is, for example, a metal rod to 

which heat is supplied according to a certain law characterized by the source function 𝑓(𝑥). 

We consider a uniform grid in the space 𝑥𝑗 = 𝑗ℎ, 𝑗 = 0, 𝑁, 𝑁ℎ = 2𝐿. 
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We apply the finite differences of the second order of approximation [1]: 
𝜕2𝑢(𝑥𝑖,𝑡𝑛)

𝜕𝑥2
≈

𝑢(𝑥𝑖−1,𝑡𝑛)−2𝑢(𝑥𝑖,𝑡𝑛)+𝑢(𝑥𝑖+1,𝑡𝑛)

ℎ2
                               

Applying the aforementioned approximation, the boundary value problem (1) is reduced 

to a one-dimensional (dependent on variable t) initial value problem. Therefore, to find the 

initial value problem corresponding to the boundary value problem (1) in matrix form, we 

first consider the following one-dimensional initial value problem (IVP) [2]: 

{
�̇�(𝑡) = −𝑘1𝑢(𝑡) + 𝑓(𝑡),

 𝑢(0) = 𝑢0,
                                                                                 (2) 

The solution of the homogeneous equation of the IVP (2) is in the form [3]: 

𝑢1(𝑡) = 𝐶𝑒−𝑘1∙𝑡 

Then, applying the constant variation method, the solution of IVP (2) is in the form [1, 

3] 

𝑢(𝑡) = 𝐶(𝑡)𝑒−𝑘1∙𝑡                                                                                            (3) 

Then, inserting the expression (3) into the equation of the IVP (2), we get 

�̇�𝑒−𝑘1∙𝑡 + 𝐶(−𝑘1)𝑒−𝑘1∙𝑡 + 𝐶𝑘1𝑒−𝑘1∙𝑡 = 𝑓, 

or  

�̇�𝑒−𝑘1∙𝑡 = 𝑓,                                                                                                      (4) 

where kur �̇� = �̇�(𝑡), 𝑓 = 𝑓(𝑡).  
Integrating both sides of equation (4) over the variable t gives 

𝐶(𝑡) =
𝑓

𝑘1
𝑒𝑘1∙𝑡 + 𝐶1.                                                                                                    (5) 

Inserting the 𝐶(𝑡) expression (5) into the expression (3) gives 

𝑢(𝑡) =
𝑓

𝑘1
+ 𝐶1𝑒−𝑘1∙𝑡.                                                                                                   (6) 

To calculate the constant 𝐶1, the initial condition of the problem (2) 𝑢(0) = 𝑢0 is 

applied to the expression (6): 

𝑢0 =
𝑓

𝑘1
+ 𝐶1,        

and we obtain                      

    𝐶1 = 𝑢0 −
𝑓

𝑘1
.        

Then the function 𝐶(𝑡) (5) has the form: 

𝐶(𝑡) =
𝑓

𝑘1
𝑒𝑘1∙𝑡 + (𝑢0 −

𝑓

𝑘1
).                                                                                        (7) 

Inserting the obtained expression of the function 𝐶(𝑡) into expression (3), the solution 

of the one-dimensional initial value problem (2) is obtained in the following form: 

𝑢(𝑡) = 𝑢0𝑒−𝑘1∙𝑡 +
𝑓

𝑘1
(1 − 𝑒−𝑘1∙𝑡)                                                                                (8) 

 Based on the obtained one-dimensional initial value problem solution (8), the initial 

value problem corresponding to the boundary value problem (1) in vector form is [2, 4]: 

{
�̇�(𝑡) + 𝐴𝑈(𝑡) = 𝐹(𝑡),

𝑈(0) = 𝑈0,
                                                                                      (9) 

The solution of (9) is in the form: 

𝑈(𝑡) = 𝑈0𝑒−𝐴𝑡 + (𝐸 − 𝑒−𝐴𝑡)𝐴−1𝐹,                                                                  (10) 

where 𝐴 is a 3-diagonal matrix of order 𝑁 − 1 with multiplier 𝑘, 𝐴−1 is the inverse 

matrix of matrix A, E is the unit matrix of order N-1, 𝑈(𝑡), �̇�(𝑡), 𝑈0, 𝐹(𝑡) are the column-

vectors of 𝑁 − 1 order with elements 𝑢𝑗(𝑡) ≈ 𝑢(𝑥𝑗 , 𝑡). 

The initial value problem (9) was solved using MATLAB [5] and Python. 
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MATLAB 

MATLAB is short for Matrix Laboratory. It is a high-level programming language and 

interactive environment primarily designed for numerical computing. It's widely used in 

academia, engineering, and industry for a variety of applications including robotics, signal 

processing, image processing, control systems, machine learning, and more. [6] 

  At its core, MATLAB is suited for computation, data analysis, and data visualization. 

MATLAB offers extensive built-in functions and tools for numerical computation and data 

visualization. 

MATLAB is interactive, it provides GUI controls and a command-line interface. Users 

can execute commands or scripts and see their results immediately, which allows for faster 

development, testing, and experimentation.  

Additionally, MATLAB supports the creation of graphical user interfaces (GUIs) for 

building user-friendly applications [7]. Users can convert scripts into simple applications. 

Applications can be built interactively and programmatically. 

It is possible to use MATLAB with other programming languages as it provides two-way 

integration with programming languages like C/C++, Java, and Python, thus enabling users to 

incorporate their MATLAB algorithms into other software systems. Or utilize existing code in 

MATLAB environment. 

MATLAB also serves as a platform for machine learning (ML) research and application 

development. It is capable of ML tasks such as classification, regression, clustering, 

dimensionality reduction, and more. 

 

Python 

Python is interpreted object-oriented dynamically typed programming language [8]. It is 

used to build a wide range of applications, from web development and scripting to scientific 

computing and data analysis. One of its main principles is clear and concise syntax, Python 

promotes code readability and maintainability. Python has the standard library which provides 

a set of modules and functions for diverse tasks. Python's popularity within the scientific 

community is increased by libraries such as NumPy, SciPy, and Matplotlib, which offer 

powerful tools for numerical computing and visualization. 

There can be found frameworks that are built using Python such as Django and Flask for 

web development, PyTorch and TensorFlow for machine learning, and pandas for data 

manipulation. A wide range of frameworks and tool packages allows for Python to be a versatile 

tool for many applications. 

Python is interpreted, which means that Python code is executed line-by-line, without the 

need for compilation into machine code beforehand. This can speed up development and make 

experimentation easier as developers can execute code snippets and receive immediate 

feedback. On the other hand, the interpreted nature of Python decreases its performance, making 

it less performant than compiled languages.  
 

Results and discussion 

Solving initial-boundary value problems in MATLAB and Python 

Task description. A homogenous thin rod with a given starting temperature.  For all x values 

in the interval (-L, L) with start time t=0 temperature changes by formula U(x, 0) = f(x). Time 

changes in interval (0, 𝑡𝑓). 

Find out the temperature distribution for all x coordinates in given x and time intervals. 

The solution function was implemented with 4 parameters: chosen x coordinate count; k 

constant; f0 heat source force; and t time points at which to compute temperature distribution. 

In solution 2 heat source distributions were chosen – evenly distributed and exponentially 

distributed heat sources. 
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Equation (9) was implemented and used to calculate the temperature for each given x 

coordinate at each time moment.  

 
Fig.1. Temperature distribution dependence on x with fixed temperature 

 
Fig.2. Even heat source dependence on x  
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Fig.3. Temperature distribution dependence on x with fixed temperature 

 
Fig.4. Exponential heat source dependence on x 
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Python solution source code 

Figures 5. and 6. are displayed Python solution source code. 

  

Fig.5. Python solution source code 
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Fig.6. Python solution source code 

 

Conclusions 

1. The main MATLAB and Python operators for solving the initial boundary value problem 

of the heat conduction equation were learned. 

2. The solution of the considered initial-boundary value problem, taken as a whole, was 

performed numerically, that is, by replacing the second-order partial derivatives of the 

variable x with finite differences. In contrast, the initial value problem, corresponding to 

the second variable - t (temperature), was solved using the analytical solution found for the 

initial value problem solution. 

3. Both MATLAB and Python were used to construct valid solutions to a given problem. 

4. MATLAB in itself provides a code editor, a built-in debugger with interactive controls, and 

provides many mathematical computational methods and data visualization methods 

already built in. 

5. On the other hand Python, while more freely available, does not have as many mathematical 

calculation and data visualization functions built-in, because it is a programming language. 

Nevertheless, many packages containing necessary tools for mathematical computations 

and data visualization can be easily found. 

6. In the didactic aspect, it should be concluded that the solution of the boundary problem of 

the second-order partial differential equation considered in the work expands the range of 
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knowledge about the issues of the theory of differential equations in general, and provides 

practical skills for solving specific tasks/problems, using one of the most powerful and 

complete computer-mathematical tools used in the teaching process and scientific research 

systems MATLAB and the high-level programming language Python. 

 

Summary 

The initial boundary value problem of the second-order partial differential equation for 

the heat transfer equation with variable heat source function is considered in its theoretical 

and practical realization (performance).  

At first, a two-dimensional initial-boundary value problem of the second-order partial 

differential equation for the heat conduction equation was reduced to a one-dimensional initial 

value problem depending on one variable – time t. 

The second problem under question was obtaining the analytical solution to the above-

mentioned initial value problem.  

Initially, the analytical solution of the one-dimensional problem was obtained, and then, 

based on the theoretical principles, by generalizing the obtained solution, the analytical 

solution was obtained in the form of vectors. Next, an initial boundary value problem was 

solved numerically using MATLAB and Python - obtained results in numerical form and 

graphically - in the form of drawings, depicting the temperature distribution depending on the 

considered interval point at different values of time t. 
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