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Abstract—In the Cassie-Baxter state anisotropic 
superhydrophobic surfaces have high lubricating 
properties. Such superhydrophobic surfaces are used in 
medical implants, aircraft industry, vortex bioreactors 
etc. In spite of the fact that quantitative understanding of 
fluid dynamics on anisotropic superhydrophobic surfaces 
has been broadened substantially for last several years, 
there still are some unsolved problems in this field. This 
work investigates dynamics of a liquid on unidirectional 
superhydrophobic surfaces in the Cassie-Baxter state, when 
surface texture is filled with gas and, consequently, the liquid 
virtually is located on some kind of an air cushion. Energy 
of the interphase boundary liquid-gas is much smaller than 
energy of the interphase boundary solid-liquid, that is why 
the contact angle at wetting such surfaces differs a lot from 
the Young contact angle and depends on contact area ratio 
of liquid-gas and liquid-solid in visible contact of liquid 
and surface. Considering difference in energy obtained if 
we slightly shift the three-phase contact line, expression for 
macroscopic equilibrium contact angle, which describes the 
Cassie-Baxter state, can be deduced. In the work the design 
formula for computing local-slip length profiles of liquid on 
the considered superhydrophobic surfaces is obtained.

Keywords—Cassie-Baxter state, local-slip length, mathe-
matical modelling, superhydrophobic surface

I. IntroductIon

During last 25-30 years breakthrough progress 
in nano- and microtechnology, as well as aspiration 
to miniaturize physical, chemical, biological, 
pharmaceutical, electronic, bioengineering systems and 
processes with tight deterministic control at each stage 
of synthesis and functioning aroused heightened interest 
to micro-hydrodynamics and nano-hydrodynamics 
that are often called micro-fluidics and nano-fluidics, 
respectively (for instance, see [5]-[13] and relative 
references given there). In the framework of micro- and 
nano-hydrodynamics, the behaviour of small volumes 
(with order of micro- and nanoliter) and flows of fluid in 

slender channels with diameter of micron scale, in which 
the laws of fluid flow differ significantly from the laws 
of classical hydrodynamics [14]: surface effects, which 
play an negligibly small role in classical hydrodynamics 
are crucial in micro-fluidics and nano-fluidics, and the 
skill of controlling these effects allows to optimize fluid 
flow in slender channels (see [15]-[21] and respective 
references given there). One of these controlled surface 
effects is slippage effect in pressure-driven fluid flow past 
superhydrophobic stripes (see [22]-[26] and respective 
references given there). Superhydrophobic surfaces 
combine natural hydrophobicity and roughness which 
results in almost complete nonwetting: on such surfaces, 
the contact angle is larger than 150° and, due to weak 
interaction forces

 ( adhesion

cohesion

1,
W
W

=  where adhesionW  is the reversible

 thermodynamic work of adhesion, cohesionW  is the work 
of cohesive forces) and high surface tension value, the 
so-called “lotus effect” occurs – a drop of liquid takes 
a spherical shape and reduces the contact area with a 
superhydrophobic surface, or the so-called “rose petal 
effect” – a drop of liquid is firmly held on a vertical 
surface and looks as if it were pinned to the surface 
(for instance, see [3], [4], [27]-[33] and respective 
references given there). While studying hydrodynamics 
of a fluid flowing past gas stripes of unidirectional 
superhydrophobic surfaces, an important task is to 
manage the process of stabilizing gas bubbles inside the 
cavities of such surfaces. The importance of this problem 
is due to the fact that superhydrophobic surfaces in the 
Cassie-Baxter state (sometimes also in the Wenzel state) 
can have exceptional lubricating properties [34]-[36] 
and generate secondary flows, transverse to the direction 
of the applied pressure gradient [37]-[39]. To achieve 
these lubricating properties, a controlled transition from 
superhydrophobic surfaces with a disordered texture 
to superhydrophobic surfaces with an ordered texture 
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is required [40]. The wettability of the material, as well 
as its ability to repel water or hold a drop due to its 
strong adhesion to the solid surface, play a crucial role 
in such micro- and nanotechnologies and nanomaterials 
as vortex bioreactors, immersion lithography, dipping 
coating, inkjet printing, wear-resistant implant for human 
joint replacements, biological microelectromechanical 
systems, microscale thermalphysic devices, etc. [3]-
[13], [41]. As shown in [42], if the liquid penetrates into 
the stripes of the nanostructured surface and fills them, 
then the Wenzel state occurs, which is characterized by 

hydrophilicity 0,
2
πθ  ∈ 

 
 

(with a probability of ≤0.7 [3], [4], [43]), or hydrophobicity 

2,
2 3
π πθ ⋅ ∈  

 

(with a probability of ≤0.5), high hydrophobicity 

2 5,
3 6
π πθ ⋅ ⋅ ∈  

 (with a probability of ≤0.2), 

superhydrophobicity 
5 ,

6
πθ π⋅ ∈ 

 
 

(with a probability of ≤0.1). As noted in [30], the 
“rose petal effect” is manifested when, despite the 
high hydrophobicity of the surface, only large-scale 
roughnesses of surface are completely filled with liquid, 
and small-scale roughnesses of surface are only partially 
filled and air always remains in them, i.e. the fluid is 
actually located on a gas cushion. With the maximum 
slope of the surface above which a drop of liquid begins to 
slide or roll down, the advancing wetting angle of a liquid 
drop is much larger than its receding wetting angle in the 
Wenzel state, and the difference between these angles, 
called wetting hysteresis ,θ∆  is huge. If the surface 
property of superhydrophobicity is manifested not only 
for a 

large wetting angle 
5 ,

6
πθ ⋅ ≥ 

 
 but also for small

 wetting hysteresis 10 ,θ∆ ≤ °  then this means that 
Cassi-Baxter state is present. According to [44], [45], a 
wetting hysteresis 1 ,θ∆ < °  and 1 ,θ∆ < °  respectively, is 
characteristic for the Cassie-Baxter state. In the state of 
Cassi-Baxter, liquid droplets are located both on the upper 
sections of the thin micron-scale slender channels and on 
the gas bubbles in their voids: the droplets are not able 
to force the bubbles out of these voids. Due to baseline 
adhesiveness of interaction of the contacting surfaces 
drops of liquid quickly slide or roll down from the 
surface already for the inclination angle 4α ≈ °  and take 
with them pollution, which ensures self-cleaning of the 
surface with the “lotus effect” (the “lotus effect”) [46], i.e. 
there is a Cassie-Baxter sliding state [33] and, therefore, 
there is a mixed state – the Wenzel-Cassie-Baxter state 
[47]. In order to achieve the state of superhydrophobicity 
of nanostructured surfaces with the “lotus effect”, they 
are modified by additionally depositing water-repellent 
coatings on them in the form of ultra-fine layers of 

compounds with low surface free energy [44], [46], 
[48]. In the work [40], the possibility of creating of high-
hydrophobic nanostructured zinc oxide (ZnO) layers 
without any water-repellent coatings were experimentally 
demonstrated by means of pulsed electrodeposition from 
aqueous solutions: authors experimentally revealed 
the conditions for deposition of high-hydrophobic 
nanostructured zinc oxide layers characterized by the 
“rose petal effect” with specific morphology, optical 
properties, crystal structure and texture. Nevertheless, 
Cassie-Baxter state is, as a rule, unstable and prone to 
full or partial transformation to the Wenzel state under the 
external influences, for example, under the influence of 
pressure, heating, vibration or expulsion of drop [45].

In conclusion of this section, we emphasize 
that despite the impressive success achieved in the 
study of the mechanism of synthesis and control of 
superhydrophobicity of micro- and nanostructured 
surfaces (it is impossible not to note the stupendous 
theoretical and experimental achievements of Dr.Sc.
Math.&Phys. O.I.Vinogradova (O.I.Vinogradova) and/or 
her numerous students from the Laboratory of Physical 
Chemistry of Modified Surfaces, A.N.Frumkin Institute 
of Physical Chemistry and Electrochemistry, Russian 
Academy of Sciences [18]-[20], [36]-[39], [49], [50], [67]; 
for more information, see [51]), problems of finding and 
synthesizing the best nanorelief of surfaces to maximize 
their superhydrophobic properties; the problem of the 
synthesis of coatings, possessing both superhydrophobic 
and superhydrophilic properties, as well as the problem of 
improving the adhesive and mechanical properties of such 
coatings and increasing their operational life; the problem 
of maintaining superhydrophobicity when exposed to 
the external environment; etc. problems are not yet fully 
resolved. The authors of this work believe that, along 
with the scientific reasons (mathematical, physical, 
chemical reasons), technological nature, etc., the reason 
for the insufficient learnedness of the above and other 
relevant problems is also the failure to use the powerful 
theory of inverse and ill-posed problems in studying these 
problems. As far as the authors know, at the moment the 
application of this apparatus in micro- and nano-fluidics, 
in particular, to the problem of determining dependence 
of nano-surfaces’ superhydrophobic properties on the 
topology of micro-channels, is just absent: one of options 
of application of theory of inverse and ill-posed problems 
is reducing the original direct problem (i.e. the problem of 
determining the superhydrophobic properties of a surface 
by given source data and by known controlled influences 
on this surface as well as on the corresponding processes 
taking place) to the parametrized inverse problem, in 
which according to the desired superhydrophobic surface 
properties (as if these properties are already achieved and, 
consequently, they are the given properties; obviously that 
these desired properties must firstly be mathematically 
formalized) it is required to find the feasible interval values 
of sought-for parameters (here we understand sought-for 
parameters as those controlled effects on the surface and 
on the processes taking place, owing to which the surface 
is superhydrophobic). This kind of reducing original direct 
problems to parameterized inverse problems (coefficient 
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inverse problems, boundary inverse problems, inverse 
identification problems, etc.) is a quite typical approach 
when solving wide classes of applied problems in the 
field of mathematical physics (for instance, see [52]-[54] 
and respective references given there); as shown in [55], 
[56], this approach can also be successfully applied in the 
field of mathematical economics, as well as in technical 
diagnostics [57]-[60].

II. dynamIcs of fluId In the attractIve fIeld 
along the superhydrophobIc surface wIth a poInt 

source

As it is known [1], the influence of surface heteroge-
neity on the measured contact angle can be taken into ac-
count based on the relation

( ) ( )
3

0
1

cos cos ,i i
i

sθ θ
=

= ⋅∑                                  (1)

where is  is portion of area of -thi  type smooth sections 
on the surface of the considered material, characterized by 
a macroscopic contact angle 0.iθ

 Here the type of surface area means the type of 
isotherm of disjoining pressure, which, in its turn, is de-
termined by the nature of surface forces acting in a three-
phase system solid-liquid-gas. If the smooth section of the 
surface of the material in question is of the first type, then 
the value of the integral in the equation

( )
( )( ) ( )

. . . .
10

1, . . 1, . .

cos 1 ,e d e dh h h h

s t s t

P h dhP h h
θ

σ σ
= ≥

⋅
= + +

∫
         (2)

will be positive, and then such an isotherm 
characterizes three-phase systems, in which complete 
wetting takes place. In (2) by . .e dh  we denote equilibrium 
depth of wetting thin film with disjoining pressure equal to 
capillary pressure in a drop; ( )P h  is disjoining pressure; 

1, . .s tσ  is the surface tension of a liquid, dependence on the 
temperature T  which is calculated by 

the empirical formula    

11
9

1, . . 0
. .

1 ,s t
c t

T
T

σ σ
 

≈ ⋅ − 
 

 

which has shown itself working well for liquids with 
simple molecules, but it can also be used approximately 
for most of other liquids; if the fluid is water, it is 
recommended to use the interpolation formula

1.256

. .
1, . .

. . . .

0.235 1 1 0.625 ,c t
s t

c t c t

T TT
T T

σ
   −

≈ ⋅ − ⋅ − ⋅   
   

 

where . .c tT  critical temperature, 0σ  is determined on 
the basis of experiments with a fixed value of temperature 
[43],[61].

 If the smooth section of the surface of the 
considered material is of the second type, then the integral 
value in equation (2) will always be negative: in three-
phase systems with a second kind isotherm a “sitting” 
drop of liquid will be in equilibrium with a “dry” substrate 
free from liquid molecules. For three-phase systems with 
a third kind isotherm there is a balance between a drop 
of liquid and a substrate covered with a wetting film; if 
the value of the integral in equation (2) is positive, then 

complete wetting can be established, if the value of this 
integral is negative, then incomplete wetting takes place. 
Large contact angles for liquid droplets on hydrophobic 
and superhydrophobic surfaces can be achieved in three-
phase systems characterized by isotherms of the first and 
second kinds, and for this, a necessary condition is the 
presence in such three-phase systems significant forces of 
attraction, for example, structural forces.

Let is consider the isothermal dynamics of a thin film 
along a horizontal superhydrophobic surface with two 
orthogonal main directions of the sliding tensor in a field 
of gravity. Assuming that the linear scales of fluid flow 
far exceed the scale of micro- or nano-inhomogeneity of 
a surface, we can assume that the surface is a flat surface 
with a given slip condition. We will assume that the mass 
of the fluid continuously enters the surface microchannels 
from a localized linear source with negligibly small 
dimensions, and, it is assumed that the volume ( )V t  of 
linear source power is set. Now let us introduce Cartesian 
coordinate system with origin in the source in such way 
that axis OX is directed along the underlying surface from 
the source, axis OY  is directed perpendicular to axis ,OX  
gravity force is directed down perpendicular to underlying 
surface. Then, within the framework of the assumptions 
made, the dynamics of slow fluid flows in microchannels 
of a superhydrophobic surface can be represented by the 
following model, which contains Navier-Stokes equations 
and continuity equation:

1 ,

1 ,

0,

x x
x x

y y
y y

x

p
t x x x

p g
t x x y

x

ϑ ϑ
ν ϑ ν ϑ ϑ

ρ
ϑ ϑνν ϑ ϑ ϑ

ρ

ϑ ϑ

∂ ∂ ∂ = ∆ + − − ∇  ∂ ∂ ∂ 
∂ ∂ ∂ = ∆ + − − ∇ −
∂ ∂ ∂

 + ∇ ⋅ =


r

r

r
              (3)

where ( ) ( )( ), , , , ,x yt x y t x yϑ ϑ ϑ ϑ=
r r

 is fluid 
velocity vector field; ( ),p p x y=  is fluid pressure 
in the microchannel; ( ),x yρ ρ=  is fluid density; ν  
is kinematic viscosity of liquid; g  is gravitational 
acceleration; t  is time; operators ∆  and ∇  are Laplacian 
and gradient, respectively; 

vector operator yx

x y
ϑϑ

ϑ
∂∂

∇ ⋅ = +
∂ ∂

r
 is divergence.

Obviously, for the mathematical completeness of 
model (3), it is necessary to add the corresponding 
initial and boundary conditions: in the present paper we 
will neither discuss the methods of construction nor the 
concrete forms of these conditions.

If we introduce designation 1hε = =
l

 ( ε  is

the relative thickness of the microchannel, by h  we denote 
microchannel characteristic thickness, by l  we denote 
characteristic longitudinal scale on which the dynamics 
of a thin film is considered) and make substitutions in (3) 
(for convenience, the symbols of new substitutions will 
remain the same)

;x hx:  ;y hy:  ;t t
u
l:  ;uϑ ϑ

r r
:  2 ,up p

h
νρl:       (4)

where u  means the longitudinal local velocity of 
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component xϑ  in a thin film (this value can be physically 
interpreted also as a measure of the displacement of the 
cross-sectional area of a thin film), then we obtain the 
following system:

3

2

3

3
2

2

Re

Re ,

ReRe ,

0,

x x
x

x

y y
y

y

x

p
t x x x

p
t x x y

g
u

x

ϑ ϑ
ε ε ϑ ε

ε ϑ ϑ
ϑ ϑεε ϑ

εε ϑ ϑ

ϑ ϑ

 ∂ ∂ ∂ = ∆ + −  ∂ ∂ ∂ 
− ∇


∂ ∂ ∂
= ∆ + −

∂ ∂ ∂

− ∇ −

 + ∇ ⋅ =

r

r l

r

                     (5)

where Re u
ν

=
l

 is Reynolds number, which

 does not have to be small, but the value 2 Reε  is supposed 
to be small enough. 

Depending on the order of smallness of neglected terms 
of equations, containing 1,ε =  from the mathematical 
model (5), one can obtain various asymptotic models of the 
theory of Stokesian flows with point disturbances, which 
arise when studying various technological processes 
and objects (for instance, see [61], [62] and respective 
references given there). For example, if in (5) we neglect 
the terms of the equations containing the magnitude of the 
first and higher orders, then we find that the fluid pressure 
in the thin film does not change along the underlying 
surface from the source, nor does the microchannel depth.

Let us return to the substitutions (4), with the help 
of which the transition from model (3) to model (5) 
was made. Actually, longitudinal local velocity u  
of component xϑ  in a thin film is not a priori known 
value and, moreover, is not a constant [24], since in real 
conditions the physical properties of the medium and 
processes are significantly different from the properties of 
an ideal model in which you can operate with assumptions 
like “unbounded medium”, “incompressible fluid”, etc. 
The desire to present a longitudinal local velocity by a 
constant is quite understandable: this simplifies and 
simplifies the simulated process and the constructed 
mathematical model, in which you can focus on 
quantitative and/or qualitative studies of other unknown 
parameters and functions that are considered by some 
reasons within the specific problem studied. In this work 
we omitting the course of derivation, offer the following 
nonlinear equation for finding longitudinal local velocity    

( ), , :u u t x y=

    

22
2

2 ,
2

u u a u
h tt

µρ∂ ∂ + = ∆ ∂∂  
                                      (6)

where ;a gh=  µ  is friction coefficient; nonlinear 

term 
2

2
u

h t
µρ ∂ 

 ∂ 
 of the equation 

characterizes total friction force per unit area.

It is easy to make sure that the value ,
def

he u δ− ∇ ≡
r  

where ( )1,1 ,e =
r

 characterizing the
 increase in the level of liquid in the microchannel, satisfies 

homogeneous linear wave equation 
2

2
2 .a

t
δ δ∂
= ∆

∂
 The 

idea of solving a nonlinear equation (6) is set out below 
(perhaps there are more elegant ideas). Imagine the 

solution of (6) as ( ) ( ) ( )1 1 2 2, , ,u t x y f fϕ ϕ= +  where 

1
at x
at x

ϕ +
=

−
 and 2 ,at y

at y
ϕ +

=
−

 ( )1f ⋅  and ( )2f ⋅  

are still unknown functions. It is not hard to make sure 
that

( ) ( )
2

1 2
1 1 2 2

1 11 ,u f f
a t at x at y

ϕ ϕ
ϕ ϕ

 − −∂ ′ ′= +  ∂ − − 
                (7)

( ) ( )
( )

( )

( ) ( )
( )

( )

22
11

1 1 1 12 2 2

2
22

1 2 2 22

2 111

2 11
,

u f f
at xa t at x

f f
at y at y

ϕϕ
ϕ ϕ

ϕϕ
ϕ ϕ

−−∂   ′′ ′= − −∂   −

− − ′′ ′+ − − − 

          (8)

( ) ( )
( )

( )
22

11
1 1 1 12 2

2 11
,u f f

at xx at x

ϕϕ
ϕ ϕ

++∂   ′′ ′= + −∂   −
             (9)

( ) ( )
( )

( )
22

22
1 2 2 22 2

2 11
.u f f

at yy at y

ϕϕ
ϕ ϕ

+ +∂ ′′ ′= + −∂ − 
         (10)

Taking into account (7)-(10) in (6) allows us to obtain 
the following linear ordinary differential equation with 

respect to 
( )
1 , 1,2 :

j j

j
f ϕ

=
′

( ) ( )
1 1 1 2 0.

8 j
jj j j j j

hf f

µρ ϕ
ϕϕ ϕ ϕ

′     − + + − =   ′ ′         
(11)

Solving the linear equations (11), we get the formula

( ) 2

8 , 1, 2,
2 ln 1

j
j j

j j j j

dhf j
ϕ

ϕ
µρ ϕ ϕ ϕ ϕ

= − =
+ − −∫      (12)

in which the integral, unfortunately, is not calculated 
analytically. By applying a numerical integration method 
to this integral, we can determine approximate expressions 
for the functions 

1
at xf
at x
+ 

 − 
 and 2

at yf
at y

 +
 − 

 and, consequently,
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 to find the desired longitudinal local velocity of 
component xϑ  of fluid velocity vector field in a thin film 
using the formula 1 2.u f f= +

dynamIcs of fluId In nanochannel of structured 
superhydrophobIc surface and slIdIng phenomena

For the mathematical description of transport 
phenomena on a superhydrophobic surface with 
microrelief, in stripes of which the liquid, solid and gaseous 
phases occur, it is necessary to determine the physical 
mechanisms of sliding on the surface and formulate the 
corresponding boundary conditions (for instance, see 
[24], [25] and respective references given there). As 
mentioned in the introduction, sliding takes place if the 
value of the tangential component of the velocity vector 
at the interphase boundary is not zero. The simplest model 
of sliding phenomena suggests that tangential force acting 
per unit of surface area ,S  is proportional to the sliding 
velocity: . ,sl S S

ϑ µτ=  where .slϑ  is this sliding velocity;
τ  stands for shear stress, µ  stands for friction coefficient. 
This condition is called Navier sliding condition. For 
Newtonian fluid Navier sliding condition can be written in 

the form . . ,tan slS
S

L
y
ϑϑ ∂

=
∂

 called Navier boundary

condition, where .tanϑ  is tangential velocity on the cavity 
wall; .slL ηµ=  is the sliding length that characterizes the 
distance at which the velocity profile is extrapolated to 
zero, η  stands for dynamic viscosity; . 0slL =  corresponds 
to boundary condition of adhesion, at which the relative 
velocity of the liquid on the solid wall is zero; .slL →∞  
corresponds to the boundary condition of the absence of 
friction, at which plug-like flow takes place with zero 
speed gradient. Since fluid dynamics at the interface with 
a solid surface can be considered at different scales, as 
a rule (as a rule), three different types of sliding at the 
interphase boundary are distinguished: internal/molecular 
sliding; apparent sliding; effective sliding. 

Internal sliding model suggests movement of 
molecules in the near-wall layer, and it cannot lead to 
large values of ..slL

The apparent sliding model suggests formation of a 
gas cushion or a low viscosity liquid film near the solid 
wall. The seeming sliding is supported by a higher shear 
rate in the low viscosity layer compared to the shear 
volume rate. The apparent sliding length is  defined as

 sulcus
. . 1 ,app sl

h
L

ε ε

ηηε
η η
 

= − ≈ 
 

 

where εη  is viscosity of interphase boundary (i.e. 
viscosity of the above mentioned gas cushion or liquid 
film); sulcush  is averaged (in the sense of surface mean 
value) depth of the sulci. It should be emphasized that 
for all appearance simplicity, the apparent sliding model 
reflects the formation of rarefied gaseous layer near 
the hydrophobic wall and makes it possible to better 
understand the influence of the interface region structure 
on the phase transfer transport phenomena) [25].

The effective sliding model assumes the formation of a 
stable gas phase in the stripes of microrelief of the surface 
in the Cassie-Baxter state, and allows you to replace the 
actual non-uniform surface with a homogeneous smooth 
plane, showing the same hydrophobic properties as real 
surface. This approach allows, in addition to increasing 
the sliding length, also to find solutions to problems 
and analyze complex systems, without requiring time-
consuming calculations of the local velocity field of the 
fluid to be performed. The effective sliding length is 
defined as the boundary condition. 

. ,effS
S

L
y
ϑϑ ∂

=
∂

 
                           
where ⋅  denotes mean  value 

for surface S  and characterizes the sliding intensity 
of a fluid over a smooth surface with a sliding length 

..effL  One of the first experimental studies of the effective 
sliding length of a Newtonian fluid was performed in 
Department of Mechanical and Industrial Engineering, 
University of Massachusetts [63], [64] using example of 
a flow in a microchannel with a rectangular cross section 
and a superhydrophobic coating on the bottom wall: 
surfaces with periodic sets of microbars or parallel sulci 
were used as a superhydrophobic coating with a surface 
portion of liquid-gas plots in the range 0.5÷0.9; the height 
of microchannels ranged in 76÷264 μm; it was found that 
an increase in the surface fraction of the gas sections and 
the height of the microchannel leads to an increase in the 
sliding length, the maximum value of which was more 
than 20 μm with 0.9 surface fraction of the gas sections. 
The obtained experimental results are consistent with the 
results of theoretical studies in [65]-[67].

As mentioned in the introduction, with a high surface 
portion of the gas sections, the stability of the Cassie-
Baxter state can be broken, resulting in liquid penetrating 
into the gaseous stripes [42]. Therefore, with the flow 
of fluid in the microchannel, in addition to the general 
thermodynamic stability criteria:
−	 stability criterion for a system with constant volume 

and entropy: only processes with a decrease in internal 
energy can spontaneously occur in the system, and 
consequently a stable state with a minimum of internal 
energy is stable;

−	 stability criterion for a system with constant pressure 
and entropy: only processes with a decrease in 
enthalpy can occur spontaneously in the system, and, 
therefore, the state with minimum enthalpy is stable;

−	 stability criterion for a system with constant volume 
and temperature: only processes with a decrease in 
free energy can spontaneously occur in the system. 
Therefore, only a state with a minimum of free energy 
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is stable;
−	 stability criterion for a system with constant temperature 

and pressure: only processes with a decrease in the 
thermodynamic potential can spontaneously occur in 
the system, and therefore the state with a minimum of 
the Gibbs thermodynamic potential is stable,
it is also necessary to take into account the balance 

of forces acting on the liquid-gas interface. The stability 
of the Cassie-Baxter state for an isotropic texture in the 
form of microbars set is ensured by the fulfillment of the 
inequality [68], [69]

( ) ( ). .2 1 cos ,s t gas gasr r T pσ π θ− ≤ ∆                       (13)

where . .s tσ  is the surface tension of a liquid (72 
mN/m for water at 25°С); gasr  denotes surface portion of 
microchannel gas plots (i.e. the percentage of the surface 
that is perfect slip:

 ,gas
hr
T

=  h  is slip size); θ  stands for contact

 angle; T  is period of microbars of the texture; 

. .g lp p p∆ = −  is the pressure difference in gas and liquid 
(see Fig. 1, [68]). The stability of the Cassie-Baxter state 
for anisotropic texture in the form of parallel sulci is 
ensured by the fulfillment of inequality

( ). .2 cos .s t gasr T pσ θ ≤ ∆                                            (14)

Fig. 1. Illustration of wetting transition on superhydrophobic 
surfaces.

As can be seen from (13) and (14), provided that 
Cassie-Baxter state remains stable, the maximum possible 
value of the surface portion gasr  of gas plots is inversely 
proportional to increment of values p∆  and ,T  and, 
conversely, increases together with the value of contact 
angle. According to the results of [70], for 120θ = °  
and for varying the pressure difference in gas and liquid 

p∆  in the range 200÷300 Pa effective sliding length 

.effL  for an isotropic texture in the form of a microbars 
set with a period T  in the range 50÷250 μm and with 

surface portion 0.993gasr =  of microchannel gas plots is 
equal to 94 μm; and for anisotropic texture in the form 
of parallel grooves (parallel sulci) with a surface portion 

0.976gasr =  of gas plots the effective sliding length .effL  
is equal to 185 μm (for the same range of p∆  and T ).

Now let us briefly describe the basis of the theoretical 
analysis of the effective sliding length: a theoretical 
analysis allows making the quantitative assessment of the 
influence of various factors on the effective sliding length, 
to explain the experimental results, find the optimal 
texture structure of a superhydrophobic surface with a 
stable Cassie-Baxter state. Consider a surface with an 
anisotropic texture in the form of parallel sulci and make 
the following assumptions: (1) there is a wide channel, 

;h T?  (2) ideal liquid sliding conditions are fulfilled on 
the liquid-gas interphase surfaces; (3) liquid-gas interfaces 
are flat. Then the following relations hold [65], [66], [69]:

. ln sec , 0, 2 ,
2
gas

eff gas

rRTL r T
π

π
π

  
= ∀ > ∀ <     

P      (15)

where .effLP  is an effective sliding length for 
a longitudinal fluid flow along the furrow of the 
surface texture; R  is size of the microsystem
( R is radius (or average radius) if the sulcus is of 
cylindrical shape);

. ln sec
2 2

gas
eff

rRTL
π

π
⊥   

     
:  as 0,T → gasr  fixed,  (16)

where .effL⊥  is an effective sliding length for a transverse 
fluid flow along the furrow of the surface texture;

( ). 4 1
gas

eff
gas

r
L

r
⊥

−
:  as ,T → +∞ gasr  fixed;

. 4
gas

eff

Rr
L⊥ :  as 0,gasr → T  fixed;

( ).
1

4 1eff
gas

L
r

⊥

−
:  as 1,gasr → T  fixed;

2

. 4
gas

eff

RT r
L

πP :  as 0;gasr →

( ). ln 1eff gas
RTL r
π

−P :  as 1.gasr →

From (15) and (16) it follows that under certain 
conditions it can be said that the asymptotic values of 

.effLP  and .effL⊥  differ approximately twice: . .2eff effL L⊥≈P  
when 0,T →  and ( )0,2gasr π∈  is fixed.

If the fluid flows at an arbitrary angle to the texture 
axis, then it is necessary to consider the effective sliding 
length as a tensor value { }.. ,

ˆ ,eff
eff j kL L=  and to note that 

Navier sliding condition has the following form:
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,
,

ˆ
ˆ ,jeff
i j k kS j k k S

L n
y
ϑ

ϑ
∂

=
∂∑ r

where î S
ϑ  is -thi  component of the average sliding 

speed on a superhydrophobic surface with a texture in the 

form of parallel sulci; knr  denotes -thk  components of the 

outer normal nr  to surface .S

In this case, instead of the effective sliding length, we 
can talk about the tensor of the effective sliding length, 
which can be represented as a symmetric positive definite 
matrix:

. .
. .11 12

. 0 12 21. .
21 22

ˆ 0, .
eff eff

eff eff
eff eff eff

L L
L L L L

L L
 

= ≥ > = 
 

It is obvious that if . .
11 22 ,eff effL L≠  then this matrix will be 

guaranted diagonalized:

.
.

.

0ˆ ,
0
eff

eff
eff

L
L

L⊥

 
=   
 

P

 

that is more convenient to use: knowing .effLP  and .effL⊥  

(the essence of which are the eigenvalue of the tensor .
ˆ

effL
), it is easy to calculate the effective sliding length tensor 
when flowing at an arbitrary angle to the texture axis.

III. conclusIon

In the present work, the dynamics of a liquid on 
unidirectional superhydrophobic surfaces in the Cassie-
Baxter state is studied, when surface texture is filled 
with gas and, consequently, the liquid virtually is located 
on some kind of an air cushion. The model describing 
the dynamics of slow fluid flows in microchannels of a 
superhydrophobic surface is formulated. Besides, in the 
paper, an approach (one of many possible approaches) for 
finding the sought-for longitudinal local velocity of one of 
the components of the fluid velocity vector field in a thin 
film: the nonlinear equation and the idea of its analytical 
solution are proposed. Finally, in the work, the design 
formula for computing local-slip length profiles of liquid 
on the considered superhydrophobic surface is obtained.

references

[1] A. B. D. Cassie and S. Baxter, “Large contact angles of plant and 
animal surfaces,” Nature, vol. 155, pp. 21-22, 1945.

[2] S. Baxte and A. B. D. Cassie, “The water repellency of fabrics 
and a new water repellency test,” Journal of the Textile Institute 
Transactions, vol. 36, no. 4, pp. 67-90, 1945.

[3] Sh. E.Guseynov, J. V. Aleksejeva, A. Jansone, and D. Kuma, “For-
mation of the hydrophobic surface of the ball-shaped titanium 
head of the human hip joint endoprosthesis by direct laser irradi-
ation,” Journal of New Materials, Compounds and Applications, 
vol. 1, no. 1, pp. 65-93, 2017.

[4] U. Zaimis, Sh. E. Guseynov, “Scientifically substantiated guide-
lines for physico-mathematical modelling of laser surface-treat-
ment of wear-resistant implants for human joint replacements,” 
The 11th International Scientific and Practical Conference “En-
vironment. Technology. Resources”, June 15-17, 2017, Rezekne, 

Latvia, Vol. 3, pp. 350-356, 2017.
[5] Y. H. Ghallab and W. Badawy, Lab-on-a-chip: Techniques, Cir-

cuits, and Biomedical Applications. Boston: Artech House, 2010, 
xv+154 p.

[6] N. T. Nguyen and S. T. Wereley, Fundamentals and Applications 
of Microfluidics. Boston: Artech House, 2006, xiv+471 p.

[7] K. E. Herold, and A. Rasooly, Lab-on-a-Chip Technology. Vol. 1: 
Fabrication and Microfluidics. Norfolk: Caister Academic Press, 
2009, xiv+410 p.

[8] K. E. Herold and A. Rasooly, Lab-on-a-Chip Technology. Bol. 2: 
Biomolecular Separation and Analysis. Norfolk: Caister Academ-
ic Press, 2009, xii+300 p.

[9] J. Lichtenberg and H. Baltes, Advanced Micro & Nanosystems. 
Vol 1: Enabling Technology for MEMS and Nanodevices. –Wein-
heim: Wiley-VCH Verlag, 2004, xii+427 p.

[10] C. L. Rice and R. Whitehead, “Electrokinetic Flow in a Narrow 
Cylindrical Capillary,” Journal of Physical Chemistry, vol. 69, no. 
11, pp. 4017-4024, 1965.

[11] T. M. Squires and S.R.Quake, “Microfluidics: Fluid physics at the 
nanoliter scale,” Reviews of Modern Physics, vol. 77, no. 3, pp. 
977-1026, 2005.

[12] H. A. Stone, A. D. Stroock, and A. Ajdari, “Engineering Flows in 
Small Devices: Microfluidics Toward a Lab-on-a-Chip,” Annual 
Review of Fluid Mechanics, vol. 36, pp. 381-411, 2004.

[13] G. M. Whitesides, “The origins and the future of microfluidics,” 
Nature, vol. 442, pp. 368-373, 2006.

[14] H. Bruus, Theoretical Microfluidics. Oxford: Oxford University 
Press, 2008, xvi+346 p.

[15] B. Ramos-Alvarado, S. Kumar, and G. P. Peterson, “Hydrody-
namic slip in silicon nanochannels,” Physical Review E, vol. 93, 
no. 3, pp. 3117-3125, 2016.

[16] D. M. Huang, Ch. Sendner, D. Horinek, R. R. Netz, and L. Boc-
quet, “Water Slippage versus Contact Angle: A Quasiuniversal 
Relationship,” Physical Review Letters, vol. 101, no. 22, pp. 
6101-6105, 2008.

[17] P. Joseph, C. Cottin-Bizonne, J.-M. Benoit, C. Ybert, C. Journet, 
P. Tabeling, and L. Bocquet, “Slippage of water past superhydro-
phobic carbon nanotube forests in microchannels,” Physical Re-
view Letters, vol. 98, no. 15, pp. 6104-6108, 2006.

[18] O. I. Vinogradova and G. E. Yakubov, “Surface roughness and 
hydrodynamic boundary conditions,” Physical Review E, vol. 73, 
no. 4, pp. 5302-5306, 2006.

[19] O. I. Vinogradova, “Slippage of water over hydrophobic surfac-
es,” International Journal of Mineral Processing, vol. 56, no. 1-4, 
pp. 31-60, 1999.

[20] O. I. Vinogradova, “Drainage of a thin liquid film confined be-
tween hydrophobic surfaces,” Langmuir, vol. 11, no. 6, pp. 2213-
2220, 1995.

[21] A. Ajdari, “Electroosmosis on inhomogeneously charged surfac-
es,” Physical Review Letters, vol. 75, no.  4, pp. 755-758, 1995.

[22] A. M. J. Davis and E. Lauga, “Hydrodynamic friction of fakir-like 
superhydrophobic surfaces,” Journal of Fluid Mechanics, vol. 
661, pp. 402-411, 2010.

[23] C. H. Choi, U. Ulmanella, J. Kim, C. M. Ho, and C. J. Kim, “Ef-
fective slip and friction reduction in nanograted superhydropho-
bic microchannels,” Physics of Fluids, vol. 18, no. 8, pp. 71051-
71059, 2006.

[24] A .I.Ageev, “Viscous fluid flow along the super-hydrophobic sur-
faces,” PhD thesis, Lomonosov Moscow State University, Mos-
cow, Russia, 2015, 117 p.

[25] A. V. Belyayev, “Hydrodinamical and electrokinetic flows nearby 
the super-hydrophobic surfaces,” PhD thesis, Lomonosov Mos-
cow State University, Moscow, Russia, 2012, 125 p.

[26] J.-L. Barrat and L. Bocquet, “Large slip effect at a nonwetting 
fluid-solid interface,” Physical Review Letters, vol. 82, no. 23, pp. 
4671-4674, 1999.

[27] A. Lafuma and D. Quere, “Superhydrophobic states,” Nature Ma-
terials, vol. 2, no. 7, pp. 457-460, 2003.

[28] S. S. Latthe, A. B. Gurav, Ch. Sh. Maruti, and Sh. Vhatkar, “Re-
cent Progress in Preparation of Superhydrophobic Surfaces: A 
Review,” Journal of Surface Engineered Materials and Advanced 
Technology, vol. 2, no. 2, pp. 76-94, 2012.

[29] M. Nosonovsky and B. Bhushan, “Superhydrophobic Surfaces 
and Emerging Applications: Non-Adhesion, Energy, Green Engi-
neering,” Current Opinion in Colloid & Interface Science, vol. 14, 
no. 4, pp. 270-280, 2009.

[30] Y. Y. Yan, N. Gao, and W. Barthlott, “Mimicking natural superhy-
drophobic surfaces and grasping the wetting process: A review on 
recent progress in preparing superhydrophobic surfaces,” Advanc-
es in Colloid and Interface Science, vol. 169, no. 2, pp. 80-105, 
2011.

Environment. Technology. Resources. Rezekne, Latvia
Proceedings of the 12th International Scientific and Practical Conference. Volume III,   52-59



59

[31] M. T. Z. Myint, G. L. Hornyak, and J. Dutta, “One pot synthesis 
of opposing “rose petal”’ and “lotus leaf” superhydrophobic ma-
terials with zinc oxide nanorods,” Journal of Colloid and Interface 
Science, vol. 415, pp. 32-38, 2014. 

[32] Z. Guo, W. Liu, and B.-L. Su, “Superhydrophobic surfaces: From 
natural to biomimetic to functional,” Journal of Colloid and Inter-
face Science, vol. 353, no. 2, pp. 335-355, 2011.

[33] D. Quer´e, “Drops at Rest on a Tilted Plane,” Langmuir, vol. 14, 
no. 8, pp. 2213-2216, 1998.

[34] L. Bocquet and J. L. Barrat, “Flow boundary conditions from 
nano- to micro-scales,” Soft Matter, The Royal Society of Chem-
istry, vol. 3, pp. 685-693, 2007.

[35] J. P. Rothstein, “Slip on superhydrophobic surfaces,” Annual Re-
view of Fluid Mechanics, vol. 42, no. 1, pp. 89-109, 2010.

[36] O. I. Vinogradova and A. L. Dubov, “Superhydrophobic textures 
for microfluidics,” Mendeleev Communications, vol. 22, no. 5, 
pp. 229-236, 2012.

[37] F. Feuillebois, M. Z. Bazant, and O. I. Vinogradova, “Transverse 
flow in thin superhydrophobic channels,” Physical Review E, vol. 
82, no. 5, pp. 5301-5305, 2010.

[38] S. Schmieschek, A. V. Belyaev, J. Harting, and O. I. Vinogradova, 
“Tensorial slip of super-hydrophobic channels,” Physical Review 
E, vol. 85, no. 1, pp. 6324-6335, 2012.

[39] J. Zhou, A. V. Belyaev, F. Schmid, and O. I. Vinogradova, “Aniso-
tropic flow in striped superhydrophobic channels,” Journal of 
Chemical Physics, vol. 136, no. 19, pp. 4706-4717, 2012.

[40] N. P. Klochko, K. S. Klepikova, V. R. Kopach, G. S. Khrypunov, 
Y. O. Myagchenko, E. E. Melnychuk, V. M. Lyubov, and A. V. Ko-
pach, “Hydrophobicity control of nanostructured zinc oxide layers 
produced by pulsed electrodeposition,” Semiconductors/Physics 
of the Solid State, vol. 50, no. 3, pp. 357-368, 2016.

[41] H. B. Eral, D. J. C. M.’t Mannetje, and J. M. Oh, “Contact angle 
hysteresis: a review of fundamentals and applications,” Colloid 
and Polymer Science, vol. 291, no. 2, pp. 247-260, 2013.

[42] C. N. C. Lam, R. Wu, D. Li, M. L. Hair, and A. W. Neumann, 
“Study of the advancing and receding contact angles: liquid sorp-
tion as a cause of contact angle hysteresis,” Advances in Colloid 
and Interface Science, vol. 96, no 1-3, pp. 169-191, 2002.

[43] U. Zaimis, J. V. Aleksejeva, R. Aleksejevs, and Sh. E. Guseyn-
ov, “Hydrophilic nanostructure formation on the titanium sur-
face by direct laser irradiation,” International Scientific Journal 
“Machines. Technologies. Materials”, vol. 11, no. 8, pp. 407-412, 
2017.

[44] X.-T. Zhang, O. Sato, and A. Fujishima, “Water Ultrarepellency 
Induced by Nanocolumnar ZnO Surface,” Langmuir, vol. 20, no. 
14, pp. 6065-6067, 2004.

[45] B. Bhushan and Y. C. Jung, “Natural and biomimetic artificial sur-
faces for superhydrophobicity, self-cleaning, low adhesion, and 
drag reduction,” Progress in Materials Science, vol. 56, no. 1, pp. 
1-108, 2011.

[46] X. Zhang, F. Shi, J. Niu, Y. Jiang, and Z. Wang, “Superhydro-
phobic surfaces: from structural control to functional application,” 
Journal of Materials Chemistry, vol. 18, no. 6, pp. 621-633, 2008.

[47] N. Gao, Y. Y. Yan, X. Y. Chen, and D. J. Mee, “Superhydrophobic 
surfaces with hierarchical structure,” Materials Letters, vol. 65, 
no. 19, pp. 2902-2905, 2011.

[48] B. Bhushan, Y. C. Jung, and K. Koch, “Micro-, nano- and hierar-
chical structures for superhydrophobicity, self-cleaning and low 
adhesion,” Philosophical Transactions, Series A: Mathematical, 
Physical, and Engineering Sciences, vol. 367, no. 1894, pp. 1631-
1672, 2009.

[49] E. S. Asmolov, A. L. Dubov, T. V. Nizkaya, A. J. C. Kuehne, and 
O. I. Vinogradova, “Principles of transverse flow fractionation of 
microparticles in superhydrophobic channels,” Lab on a Chip, vol. 
15, no. 13, pp. 2835-2841, 2015.

[50] T. V. Nizkaya, E. S. Asmolov, and O. I. Vinogradova, “Advective 
superdiffusion in superhydrophobic microchannels,” Physical Re-
view E, vol. 96, no. 3, pp. 3109-3116, 2017.

[51] Laboratory of Physical Chemistry of Modified Surfaces, A.N. 
Frumkin Institute of Physical Chemistry and Electrochemistry, 
Russian Academy of Sciences. |Online|. Available: http://nanoflu-
idics.phys.msu.ru/. |Accessed: Feb. 23, 2019|.

[52] J. V. Beck, B. Blackwell, and C. St. Clair Jr., Inverse Heat Con-
duction: Ill-Posed Problems. New York: Wiley & Sons Publish-
ing, 1985, xvii+308 p.

[53] A. Repaci and M. T. Vacca, “Parameter Identification By Solution 
of Inverse Problem Referred to Mathematical Models of Continu-
um Physics,” Mathematical and Computer Modelling, vol. 13, no. 
2, pp. 79-84, 1990.

[54] J. F. Acker, B. Berkels, et al., “Inverse Problems and Parameter 
Identification in Image Processing,” in Mathematical Methods 
in Signal Processing and Digital Image Analysis. Understanding 
Complex Systems (Eds.: R. Dahlhaus, J. Kurths, P. Maass, and J. 
Timmer), 2008, pp. 111-151.

[55] Sh. E. Guseynov, R. Aleksejevs, J. V. Aleksejeva, and Y. S. Gasi-
mov, “Evaluating attractiveness of the group of the Central and the 
Eastern European Countries by using index approach for strategic 
decision making process related to expansion of financial service 
markets,” Advanced Mathematical Models & Applications, vol. 2, 
no. 3, pp. 167-214, 2017.

[56] Sh. E. Guseynov, R. Aleksejevs, J. V. Aleksejeva, and R. Gusei-
novs, “Determining countries’ potentials for successful export of 
luxurious and banking services,” The 11th International Scientific 
and Practical Conference “Environment. Technology. Resources”, 
June 15-17, 2017, Rezekne, Latvia, vol. 3, pp. 83-88, 2017.

[57] Sh. E. Guseynov, A. I. Urbah, and S. A. Andreyev, “On one Ap-
proach for Stable Estimate of Technical System Efficiency,” The 
10th International Scientific and Practical Conference “Environ-
ment. Technology. Resources”, June 18-20, 2015, Rezekne, Lat-
via, vol. 3, pp. 100-108, 2015.

[58] Sh. E. Guseynov, J. V. Aleksejeva, and S. A. Andreyev, “On one 
regularizing algorithm for comprehensive diagnosing of appara-
tus, engines and machinery,” International Journal of Advanced 
Materials Research, pp. 254-257, 2015.

[59] S. A. Andreyev and Sh. E. Guseynov, Regularizing Algorithms for 
Diagnosing: Applied to Gas Turbine Engines in Operation. Saar-
brücken: LAP Publishing, 2013, 116 p.

[60] S. M. Yunusov, V. P. Labendik, and Sh. E. Guseynov, Monitoring 
and Diagnostics of Aircraft Gas Turbine Engines: Improvement 
of Models and Methods for Diagnosis of Gas Path of Gas Turbine 
Engines. Saarbrücken: LAP Publishing, 2014, 204 p.

[61] H. Schlichting, Boundary-Layer Theory. New York: Mc-
Graw-Hill, 1979, xxii+817 p.

[62] A. Oron, S. H. Davis, and S. G. Bankoff, “Long-scale evolution 
of thin films,” Reviews of Modern Physics, vol. 69, no. 3, pp. 
931-980, 1997.

[63] J. Ou, B. Perot, and J. P. Rothstein, “Laminar drag reduction in mi-
crochannels using ultrahydrophobic surfaces,” Physics of Fluids, 
vol. 16, no. 12, pp. 4635-4643, 2004.

[64] J. Ou, B. Perot, and J. P. Rothstein, “Direct velocity measurements 
of the flow past drag-reducing ultrahydrophobic surfaces,” Phys-
ics of Fluids, vol. 17, no. 10, pp. 3606-3616, 2005.

[65] J. R. Philip, “Integral properties of flows satisfying mixed no-slip 
and no-shear conditions,” Journal of Applied Mathematics and 
Physics, vol. 23, no. 6, pp. 960-968, 1972.

[66] E. Lauga and H. A. Stone, “Effective slip in pressure-driven 
Stokes flow,” Journal of Fluid Mechanics, vol. 489, pp. 55-77, 
2003.

[67] A. V. Belyaev and O. I. Vinogradova, “Effective slip in pres-
sure-driven flow past superhydrophobic stripes,” Journal of Fluid 
Mechanics, vol. 652, pp. 489-499, 2010.

[68] C. Lee and C.-J. Kim, “Maximizing the Giant Liquid Slip on Su-
perhydrophobic Microstructures by Nanostructuring Their Side-
walls,” Langmuir, vol. 25, no. 21, pp. 12812-12818, 2009.

[69] S. A. Vagner, “Numerical modeling of the flow characteristics of 
pseudo-plastic polymer fluids in microchannels,” PhD thesis, In-
stitute of Problems of Chemical Physics, Chernogolovka, Russia, 
2018, 141 p.

[70] C. Lee, C.-H. Choi, and C.-J. Kim, “Structured Surfaces for a 
Giant Liquid Slip,” Physical Review Letters, vol. 101, no. 6, pp. 
4501-4517, 2008.

Guseynov et al. Modelling and Investigation of the Dependence of Superhydrophobic Properties of Nanosurfaces on the Topology 
of Microchannels.


